In this paper, we define L-fuzzy invariant metric space, and generalize some well known results in metric and fuzzy metric space including Uniform continuity theorem and Ascoli-Arzela theorem.
Introduction
One of the most important problems in fuzzy topology is to obtain an appropriate concept of fuzzy metric. This problem has been investigated by many authors [1] - [10] from different points of views. In particular, Park [8] introduced the notion of intuitionistic fuzzy metric as a generalization of fuzzy metric introduced and studied by George and Veeramani [2] .
In this paper, we define L-fuzzy invariant metric space, study completeness and observe that a compact L-fuzzy invariant metric space is separable. Further, we introduce the notion of uniform continuity and equicontinuity. Finally, we prove Uniform continuity theorem and Ascoli-Arzela theorem.
L-fuzzy invariant metric space
Lemma 2.1. [11] Consider the set L * and operation ≤ L * defined by L * = {(x 1 , x 2 ) : (x 1 , x 2 ) ∈ [0, 1]
2 and x 1 + x 2 ≤ 1} and (x 1 , x 2 ) ≤ L * (y 1 , y 2 ) ⇐⇒ x 1 ≤ y 1 and x 2 ≥ y 2 for every (
are called the membership degree and non-membership degree, respectively, of u in A ζ ,η , and furthermore they satisfy ζ A (u) + η A (u) ≤ 1.
For every
c j x j , Σ n j=1 c j y j ∈ L * . We denote its units by 0 L * = (0, 1) and 1 L * = (1, 0). Classically, a triangular norm (shortly t-norm) * = T on [0, 1] is defined as an increasing, commutative and associative mapping T :
triangular conorm (shortly t-conorm) ♦ = S is defined as an increasing, commutative and associative mapping S :
Using the lattice (L * , ≤ L * ), these definitions can be extended.
Definition 2.4. [11, 12] A continuous t-norm ℑ on L * is called continuous t-representable if and only if there exist a continuous t-norm * and a continuous t-conorm
Now define a sequence ℑ n recursively by ℑ 1 = ℑ and
for n ≥ 2 and x i ∈ L * .
Definition 2.5. [11, 12] A negator N on L * is any decreasing mapping N :
Next, using fundamental notions above, we give a metric generalization on vector space in the sense of George and Veeramani [2] . Definition 2.6. Let µ and ν are fuzzy sets from X × (0, ∞) to [0, 1] such that µ(x,t) + ν(x,t) ≤ 1 for all x ∈ X and t > 0. The 3-tuble (X, M µ,ν , ℑ) is said to be an L-fuzzy invariant metric space if X is a vector space, ℑ is a continuous t-representable and M µ,ν is a mapping from X × (0, ∞) to L * satisfying the following conditions, for every x, y ∈ X and t, s > 0
In this case, M µ,ν is said to be an L-fuzzy invariant metric on X. Here M µ,ν (x,t) = (µ(x,t), ν(x,t)).
and let µ,ν be fuzzy sets on X × (0, ∞) defined as follows: Definition 2.9. A sequence {x n } in an L-fuzzy invariant metric space (X, M µ,ν , ℑ) is said to be Cauchy if for each ε ∈ (0, 1) and t > 0, there exists n 0 ∈ N such that
for each n, m ≥ n 0 . The sequence {x n } is said to be convergent to x ∈ X in X and denoted by x n
The proofs of following two lemmas are similar from classical cases and omitted [2, 3] . Lemma 2.10. Let M µ,ν be an L-fuzzy invariant metric. Then, for any t > 0, M µ,ν (x,t) is non-decreasing with respect to t in (L * , ≤ L * ) for all x ∈ X. Lemma 2.11. Let (X, M µ,ν , ℑ) be an L-fuzzy invariant metric space. Then M µ,ν is continuous function on X × (0, ∞).
Theorem 2.12. Every L-fuzzy invariant metric space is normal.
Proof. Let (X, M µ,ν , ℑ) be an L-fuzzy invariant metric space and F, G be two disjoint closed subsets of X. Let x ∈ X. Then x ∈ G c since G c is open there exist t x > 0 and r x ∈ (0, 1) such that B(x, r x ,t x ) ∩ G = ∅ for all x ∈ F. Similarly, there exist t y > 0 and r y ∈ (0, 1) such that B(x, r y ,t y ) ∩ F = ∅ for all y ∈ G. Let s = min r x ,t x , r y ,t y . Then we can find a s 0 ∈ (0, s) such
. Define U = ∪ x∈F B(x, s 0 , s/2) and V = ∪ y∈G B(y, s 0 , s/2). Clearly U and V are open sets such that F ⊂ U and G ⊂ V . Now, we claim that U ∩V = ∅. Let z ∈ U ∩V . Then there exist x ∈ F and y ∈ G such that z ∈ B(x, s 0 , s/2) and z ∈ B(y, s 0 , s/2). Therefore, we have
Hence y ∈ B(x, s, s). Since s < t x , r x we have B(x, s, s) ⊂ B(x, r x ,t x ). Thus B(x, r x ,t x )∩G is nonempty which is a contradiction. Therefore U ∩V = ∅. Hence X is normal.
Remark 2.13. From the above theorem, we can easily deduce that every metrizable space is normal. Since every L-fuzzy invariant metric space is normal, Urysohn's lemma and Tietze extension theorem are true in the case of L-fuzzy invariant metric space. Definition 2.14. A function f from an L-fuzzy invariant metric space X to an other L-fuzzy invariant metric space Y is said to be uniformly continuous if for given t > 0 and r ∈ (0, 1), there exist t 0 > 0 and r 0 ∈ (0, 1)
As usual by a compact L-fuzzy invariant metric space we mean an L-fuzzy invariant metric space (X, M µ,ν , ℑ) such that (X, τ M µ,ν ) is a compact topological space. Proof. Let t > 0 and s ∈ (0, 1). Then we can find r ∈ (0, 1) such that ℑ((N S (r), r), (N S (r), r)) > L * (N S (s), s). Since f : X → Y is continuous, for each x ∈ X we can find t x > 0 and r x ∈ (0, 1) such that
But r x ∈ (0, 1) and then we can find
2 ). Put s 0 = min s x i and t 0 = min
Hence f is uniformly continuous.
Remark 2.16. Let f be a uniformly continuous function from the L-fuzzy invariant metric space X to an other L-fuzzy invariant metric space Y . If {x n } is a Cauchy sequence in X, then { f (x n )} is also a Cauchy sequence in Y .
Theorem 2.17. Every compact L-fuzzy invariant metric space is separable.
Proof. Let (X, M µ,ν , ℑ) be the given compact L-fuzzy invariant metric space and t > 0, r ∈ (0, 1). Since X is compact, there exist x 1 , x 2 , ..., x n in X such that X = ∪ n i=1 B(x i , r,t). In particular, for each n ∈ N, we can find a finite subset A n such that X = ∪ a∈A B(a, r n , 1 n ) in which r n → 0 L * . Let A = ∪ n∈N A n . Then A is countable. Now, we claim that X ⊂ A. For that let x ∈ X, then, for each n, there exists a n ∈ A n such that x ∈ B(a n , r n , 1 n ). Thus a n is converges to x. Since a n ∈ A n for all n then x ∈ A. Therefore A is dense in X, thus X is separable. Definition 2.18. Let X be any nonempty set and (Y, M µ,ν , ℑ) be an L-fuzzy invariant metric space. Then a sequence { f n } of functions from X to Y is said to be converge uniformly to a function f from X to Y if for given r ∈ (0, 1) and t > 0, there exists n 0 ∈ N such that M µ,ν ( f n (x) − f (x),t) > L * (N S (r), r) for all n ≥ n 0 and x ∈ X. Definition 2.19. A family F of functions from an L-fuzzy invariant metric space X to a complete L-fuzzy invariant metric space Y is said to be equicontinuous if for given r ∈ (0, 1) and t > 0, there exists r 0 ∈ (0, 1) and t 0 > 0 such that M µ,ν (x − y,t 0 ) > L * (N S (r 0 ), r 0 ) implies M µ,ν ( f (x) − f (y),t) > L * (N S (r), r) for all f ∈ F.
Lemma 2.20. Let { f n } be an equicontinuous sequence of functions from an L-fuzzy invariant metric space X to a complete L-fuzzy invariant metric space Y . If { f n } converges for each point of a dense subset D of X, then { f n } converges for each point of X and the limit function is continuous.
